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Abstract 

In this paper, we show that any solution of the nonlinear Schrodinger equation iut + Au ± 

4 

iMjNu — 0, which blows up in finite time, satisfies a mass concentration phenomena near the 
blow-up time. Our proof is essentially based on the Bourgain's one [ which has established this 
result in the bidimensional spatial case, and on a generalization of Strichartz's inequality, where 
the bidimensional spatial case was proved by Moyua, Vargas and Vega [17]. We also generalize 
to higher dimensions the results in Keraani [ ] and Merle and Vega [15]. 

1 Introduction and main results 

Let 7 e M \ {0} and let ^ a < It is well-known that for any uq G L^(M^), there exists a unique 
maximal solution 

u € C((-T^i„,T„,,,);L2(E^)) nij^((-r^i„,r„,ax);i"+'(]R'^)), 



of 



i-^ + Au + -f\u\"u = 0, (t, x) e (-r„,i„, T„,ax) X M^, 



(1.1) 



u{0) — Uq, in 
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satisfying the conservation of charge, that is for any t e (— Tinin, Tmax), ||w(<)||l2(]jjv) — ||Mo||i2(igjv'). 
The solution u also satisfies the following Duhamel's formula 

t 

Vt e (-T^in,T„,ax), uit) ^ Tit)uo + I-/ I {r{t-s){\uru}){s)ds, (1.2) 





where we design by {T{t))teVL the group of isometrics (e**'^)tgR generated by lA on L^(M^; C). More- 
over u is maximal in the following sense. If a < then Tmax — Tmin = oo, if a = and if Tmax < oo 
then 

U 2(JV+2) 2(JV + 2) — OO, 

L — N — ((0,T,„.,x);i — « — """" 



and if a = 4 and Ta^n < oo then 2(n+2) 2(n+2) — oo (see Cazenave and Weissler ['"1 

L — « — ((-T,„i„,0):L — N — (E")) 

and Tsutsumi [ ], also Cazenave [ ], Corollary 4.6.5 and Section 4.7). Now, assume that a — ^. 
It is well-known that if HuqIIl^ is small enough then Tmax = Tmin = oo, whereas if 7 > then there 
exists some uq G L^(M^) such that Tmax < 00 and Tmin < 00. For example, it is sufficient to choose 
uq = Xf, where ip £ H^{R^) n L^(|xp;dx), f ^ 0, and where A > is large enough (Glassey [11], 
Vlasov, Petrischev and Talanov [zb], Cazenave and Weissler [G]). 

In the case 7 > 0, when blow-up in finite time occurs, a mass concentration phenomena was observed 
near the blow-up time (see Theorem 2 in Merle and Tsutsumi [14] and Theorem 6.6.7 in Cazenave [">]), 
under the conditions that uq E H^{M.^) is spherically symmetric, N ^ 2 and 7 > 0. Theorem 6.6.7 in 
Cazenave [ ] asserts that if Tmax < 00 for a solution u of equation (1.4) below, then for any e G (O, ^) , 



lim inf 



^ |u(t,x)|2da;> ||g|ji2(R«), (1.3) 



where Q is the ground state, i.e. the unique positive solution of — AQ + Q = |Q|^Q (see Merle 
and Tsutsumi [ ], Tsutsumi [ ]). The proof uses the conservation of energy and the compactness 
property of radially symmetric functions lying in H^{M.^). The spherical symmetry assumption was 
relaxed by Nawa [IN]; see also Hmidi and Keraani [ ]. Later, it was proved that for data in H'^, for 
some s < 1, (1.3) holds. This was proved by CoUiander, Raynor, Sulem and Wright [ ] for dimension 
2, and extended by Tzirakis [^u] to dimension 1 and by Visan and Zhang [27] to general dimension. 

In Bourgain [ ], a mass concentration phenomena, estimate (1.5) below, is obtained for any uq G 
L^(M^), 7 7^ 0, but in spatial dimension N — 2. Consider solutions of the following critical nonlinear 



2 



Schrodinger equation, 

ot (1.4) 

u{0) = Wo, in M^, 

where 7 e M \ {0} is a given parameter. Bourgain showed, in the case N ^ 2 (see Theorem 1 
in [3]), that if u e C((-T,nin, Tmax); -^-^(IR^)) is a solution of (1.4) with initial data uq G L'^{R'^) which 
blows- up in finite time T^ax < 00, then 



limsup sup / ^ |it(i,x)| ^ e, (1-5) 

where the constants C and e depend continuously and only on ||uo||l2 and |7|. The proof is based on 
a refinement of Strichartz's inequality for N — 2, due to Moyua, Vargas and Vega (see Theorem 4.2 
and Lemma 4.4 in [17]). 

Very recently, Keraani [I.:')] showed for N E {1,2} that there is some Sq > 0, such that, under the 
same assumptions, if in addition HuqIIl^ < v2(5o then for any A(t) > such that A(<) '^^^ 00, 



liminf sup / |u(t,a;)| (Ix^Sq. (1-6) 

Keraani's proof uses a linear profile decomposition that was shown in dimension iV = 2 by Merle 
and Vega [I'l] and in dimension = 1 by Carles and Keraani [4] (see Theorem 5.4 below for the 
precise statement). The proofs of the decompositions are based on the above mentioned refinement 
of Strichartz's inequality by Moyua, Vargas and Vega and another one for the case iV = 1 observed 
by Carles and Keraani [ ]. In this paper, we generalize the refinement of Strichartz's inequality (see 
Theorem 1.4 below) in order to establish the higher dimensional versions of all these results. Our 
proofs (namely, those of Theorem 1.2 and Lemma 3.3) rely on the restriction theorems for paraboloids 
proved by Tao [ ]. There is another minor technical point, because the Strichartz's exponent 
is not a natural number when the dimension ^ 3, except = 4. We have to deal with this little 
inconvenience which did not appeared in G {1,2}. 

This paper is organized as follows. At the end of this section, we state the main results (Theorems 1.1 
and 1.4) and give some notations which will be used throughout this paper. Section 2 is devoted to 
the proof of the refinement of Strichartz's inequality (Theorems 1.2-1.4). In Section 3, we establish 
some preliminary results in order to prove a mass concentration result in Section 4 (Proposition 4.1). 



We prove Theorem 1.1 in Section 4. Finally, Section 5 is devoted to the generalization to higher 
dimensions of the results by Keraani [lo] and Merle and Vega [] -1]. 

Throughout this paper, we use the following notation. For 1 ^ p ^ oo, p' denotes the conjugate of 



p defined by ^ + ^ = 1; LP{M.^) = LP{R^;C) is the usual Lebesgue space. The Laplacian in 



N 
N 2 

is written A = ^ and ^ = itt is the time derivative of the complex-valued function u. For 
c € and i? e (0,cx)), we denote by B[c,R) = {x e M^; \x - c\ < R} the open ball of of 
center c and radius R. We design by C the set of half-closed cubes in M^. So r G C if and only 

N 

if there exist (ai, . . . ,aAr) G and R > such that t = J| + R)- The length of a side of 

3 = 1 

T e C is written £{t) = R. Given A C M^, we denote by |^| its Lebesgue measure. Let j,k £ N with 
j < k. Then we denote |j, fc] = [j, k] n N. We denote by the Fourier transform in M.^ defined by ^ 
m(0 = -FulO = / e-^''''-'-^u{x)dx, and by its inverse given by J'-'^u{x) = [ e^^^'^'uiS^dt 
C are auxiliary positive constants and C(oi,a2, . . . indicates that the constant C depends only 
on positive parameters ai, 02, . . . , a„ and that the dependence is continuous. 

Finally, we recall the Strichartz's estimates (Stein-Tomas Theorem) (see Stein [2(i], Strichartz [21] 

and Tomas [24]). Let / C M be an interval, let to G I and let 7 e C. Set for any t G I, <i>„(t) = 

/•* J, 
i'-f / (T(i — "u})(s)(is. Then we have 

J to 

\\Ti . )uo\\^^HN^^^^^^^ C^o||"o||l^(r«), (1.7) 

N + 4 

W^uLm^ , (1.8) 

L N (/xR«) L — N — (/xR«) 

where Co = Co(iV) > and Ci = Ci(A^, I7I) > 0. For more details, see Ginibre and Velo [10] 
(Lemma 3.1) and Cazenave and Weissler [; ] (Lemma 3.1), also Cazenave [ ] (Theorem 2.3.3). The 
main results of this paper are the following. 

Theorem 1.1. Let 7 e M \ {0}, let uq E L2(M^) \ {0} and let 

2(N + 2) 2(N + 2) 

u e c((-T,„in,T„,ax);i'(K^)) n ((-r„,i„,r,„ax);i^^(M^)) 

be the maximal solution of (1.4) such that u{0) = Uq. There exists e — e(||uo||L2, A^, I7I) > satisfying 
the following property. If Tmax < 00 then 



limsup sup / ^ \u{t,x)\^dx ^ 



-"^with this definition of the Fourier transform, ||J-"'u||j^2 = \\T ^u\\i^2 = ||^'||j;,2, T = ^ = Idj;^2, T{u * v) 

TuTv and T~^(u* v) = J^~luJ^~^v. 
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and i/Tmin < oo then 



limsup sup / ^ a;)| dx^e. 

By keeping track of the constants through the proofs, it can be shown that e = C'{N, \"f\)\\uo\\~[™ for 
some m > (this was pointed out by CoUiander). Notice that no hypothesis on the attractivity on 
the nonhnearity (that is on the 7's sign), on the spatial dimension A'' and on the smoothness on the 
initial data uo are made. 

N 

For each j G Z, we break up M.^ into dyadic cubes ''■^=11 [^m2~-' , (A;^ + 1)2"-'), where k = 

m—l 

{ki, . . . , fcjv) e with £{Ti) = Define fi{x) = /x^^ {x). Let 1 < p < 00 and let 1 < ^ < 00. We 
define the spaces 

^P,, = {/ e iL(R^); ll/lk,„<oo}, 

where 



iGZ feez" 

Then {Xp^q, \\ . ||xp.,) is a Banach space and the set of functions / G L°°{M.^) with compact support 
is dense in Xp^q for the norm || . 

We prove the following improvement of Strichartz's (Stein-Tomas's) inequality. 

Theorem 1.2. Let q = ^^^^^ and 1 < p < 2 be such that y > For every function g such 

that g e Xp^q orgG Xp^q, we have 



l|T( . )c/||i,(Riv+i) ^ Cmm{\\g\\x^^^,\\g\\x^,,} 



(1.9) 



where C = C{N,p). 



Theorem 1.3. Let q > 2 and let 1 < p < 2. Then there exists fi € (o, 1^ such that for every function 
f e L'^{R^), we have 



sup / \f(x)\Pdx 

clexxziv JtI 



\l2^^n) ^ C'||/||z,2 



where C = C{p,q) and n = ii{p,q). In particular, L^(M^) ^ Xp^q. Moreover, L^(M^) 7^ Xp^q. 
As a corollary we obtain the following improvement of Strichartz's (Stein-Tomas's) inequality. 



(1.10) 



_ 2(N+2) 

such that for every function g e L^(M^), we have 



Theorem 1.4. Let q — and let p < 2 be such that y > Then, there exists /x e (o, 



\\Ti ■ )5||l9(r"+i) < C 
where C = C{N,p) and p ~ ii{N,p) 



sup 2^'^(2-rt I 



1 M 



5lli2(7iv) < C\\9\\l^r«), (1-11) 



Remark 1.5 (See Bourgain [ ], p. 262-263). By Holder's inequality, if 1 < p < 2 then for any 

(j,fc) e z X z^, 





i/p 




e 






2^'^ / mm 


^ II ns ||^||i-e 



for some < < 1. Therefore, it follows from our Strichartz's refinement. Theorem 1.4, that the 
following holds. 

VM > 0, 377 > such that if ||uoI1l2 < M and HuqIIbo ^ < ?7 then T,„ax = T^in = 00, 

2(iV + 2) ^ 2(JV + 2) , ^ 

where u is the corresponding solution of (1.4). Furthermore, u Q L « - M; (R")) and there 

exists a scattering state in L'^{R^). The same result holds if the condition ||uo||bo < ?7 is replaced 

by 

sup 2Jt(2-p) f \uoix)\Pdx <r]\ 
(i,fe)ezxz" Jri 

for a suitable 77'. 

Very recently, Rogers and Vargas [ I have proved, for the non-elliptic cubic Schrodinger equation 
idtu + d^_^u — d^^u + 7|iipii = in dimension 2, some results analogous to Theorems 1.1, 1.2, 1.3 and 
1.4. 

2 Strichartz's refinement 

We recall that T{t)g ^ Kffg, where Ktix) = (iTrity^e'^ and that KtiO = e"'"'"'''? I""*. Using that 
for any g £ L'^{R'^), T{t)g = T-^iKtd) we have. 



(2.1) 
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Let S = {(t,^) e M X M^; t = -2n\^\^} , let da{\^\^,^) = and let / be defined on S by /(r,^) = 
/(-2^|^|2,C) =5(0- Then, 

(2.2) 

/(r, Oe''"^*^+"-«^da(r, ^ = J'-Hfda){t, x). 



s 

Our main tool will be the following bilinear restriction estimate proved by Tao [ ]. We adapt the 
statements to our notation using the equivalence (2.2). 

Theorem 2.1 (Theorem 1.1 in [ ]). Let Q, Q' be cubes of sidelength 1 in M.^ such that 

min{d(a;, y); x e Q, y e Q'} ^ 1 
and let f, g functions respectively supported in Q and Q' . Then for any r > and p^ 2, we have 

m ■ )/r( . ).9|1l..(e«+i) < cimup(Q)ii5iiLP(Qo, 

with a constant C independent of f, g, Q and Q' . 
By interpolation with the trivial estimate 

l|T( . )/T( . )5||l~(r"+i) C'll/llLi(Q)llfflliMQ') C'II/IIlp(q)I|5IUp(Q')' 
for any p ^ I, one obtains the following result. 

Theorem 2.2 ([ ]). Let Q, Q' be cubes of sidelength 1 in such that 

min{d(a;, y); x e Q, ye Q'} ^ 1 

and f , g functions respectively supported in Q and Q' . Then for any r > and for all p such that 

^ > f+f have 

■ ).fTi ■ )5I1l'-(k"+i) 5% c|1/I1lp(k")I1?IIlp(b«)7 

with a constant C independent of f, g, Q and Q' . 

By rescaling and taking r — we obtain the following. 

Corollary 2.3. Let t, t' be cubes of sidelength 2^^ such that 

Tiiva{d{x,y); x £t, y E t'} ^ 



and /, g functions respectively supported in t and t' . Then for r — ^j^^ and for any p such that 
|r > f±f ^, we have 

\\T{ ■ )fT{ . )g||L'-(R«+i) C2^^^||7||iP(RiV)|lg|lip(RiV), 

with a constant C independent of f, g, t and t'. 

We will need to use the orthogonality of functions with disjoint support. More precisely, the 
following lemma, a proof of which can be found, for instance, in Tao, Vargas, Vega [2-!], Lemma 6.1. 

Lemma 2.4. Let {Rk)k<£Z be a collection of rectangles in frequency space and c > 0, such that the 
dilates {l + c)R^. are almost disjoint {i.e. X]fc X(i+c)i?,fc ^ d), and suppose that {fk)kei collection 
of functions whose Fourier transforms are supported on R^. Then for all 1 ^ p ^ oo, we have 

fcez \ fcez 

where p* — min(p,p'). 

Proof of Theorem 1.2. We set r = | = We first consider the case where g € Xp,q. We can 

assume that the support of 'g is contained in the unit square. The general result follows by scaling 
and density. For each j S Z, we decompose into dyadic cubes of sidelength 2^^ . Given a dyadic 
cube we will say that it is the "parent" of the 2^ dyadic cubes of sidelength 2^^^^ contained in 
it. We write ^ r^, if r^, r^, are not adjacent but have adjacent parents. For each j ^ 0, write 
9 = T,9i where gl{£,) = dXr^iO- Denote by T the diagonal of x M^, F {{x,x); x G M^}. We 
have the following decomposition (of Whitney type) of x \ F (see Figure 1), 

(M^xM^)\F = U U rl^rl.. 

k.k': rlr^r' 

Thus, 

T{t)g(x)T(t)g{x) = J J e2-(-«-2-*l«ng(0e2-(-''-2-*l'7n5(^)d^rf^ 

e2-(-«-2.*l«l')g(e)e2"(--''-2-*l''l')5(^)dfd77 

K k' 

j k I,, 3^^j 

' K k' 
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Figure 1: x R- 



(see also Tao, Vargas and Vega [-•!]). Thus, 

■ ).9lli2.(Riv+i) = ||r( . )gTi . )g||L-(Riv+i) = II X! ■ )9iT{ ■ )gi-\\L-{^«+^)- 

j k,k': 
k k' 

For each k — (fci, fc2, . . . , fcjv), the support of the {N + 1) -dimensional Fourier transform of T( . 
is contained in the set = {(— 27r|^p, ^); ^ € r^}. Hence the support of the Fourier transform of 
r( . )giT{ . )gi, is contained in fi + = {(-27r(|eP + 1^?),^ + ^0; C e i' e ^^''}- Using the 
identity + = + + we see that +f^, is contained in the set H^^k = {(«,&) e 

X M : |a - 2-J+ifc| 2-2j ^ _|a|2 _ A <^ 3iV2-2j}. Note that, 

EE E XH,^k^c{N). 

j k k'; T^r^T^, 

Hence, the functions T( . )gi'T{ ■ )gl, are almost orthogonal in L^(]R^+^). A similar orthogonality 
condition was the key in the proof of the L^-boundedness of the Bochner-Riesz multipliers given 
by Cordoba [^], see also Tao, Vargas and Vega [2:!], and implicitly appears in Bourgain [ ], Moyua, 
Vargas and Vega [ , ]. But we need something more, since we are not working in and we want 
to apply Lemma 2.4. For M = 2[ln(A^+ 1)], we decompose each Tj into dyadic subcubes of sidelength 
2~^~ . Consequently, we have a corresponding decomposition of x r^, and of xM^, as follows : 
set V the family of multi-indices (m, m', £) eZ^ xZ^ X Z, so that, there exists some Ti, and Tj,, 



with ri C r^*^ r^, C rfr''^ and rf 



-M _«-M 



r^S"^'^ (j^i-M). Then, 



Hence, 



lir( . = ||r( . )gn • )5lU^(E"+i) = II E • ■ )3™'IU-(M»+^)- 



23 



Notice that if {m,m',i) G 2?, then the distance between and r^, is bigger than 2~^+^^ ^ N2~^, 
and smaUer than \/]V2^^+*^. We claim that there are rectangles Rm,m',e, and c — c{N), so that 
X f^j, c R,n,m',e and X(i+c)i?,^ ^ G{N). We postpone the proof of this claim to the end of 
the proof. Assuming that it holds, and by Lemma 2.4, since r < 2, we have 



J2Ti.)gLTi.)gL'\\LnM-^^)^CiN) 



Now use Corollary 2.3 to estimate 



Ell'^(-)5fnr(.)5: 



m' IIl'-(R"+1) 



■D 



EE E 2- 

" llffmllLP(B")ll5'm'llLP(B") 

£ m m';{m,m' ,£)£V 



£ m m';(7 

Now, for each {m,£) there are at most 4^2*^^ indices m' such that {111,171', £) £ T). Hence, 



^£ \\r 



EE E 2"'" " ll5mllLP(R")llffm'l!LP 

i rn m';{m,m' .ejSi'D 



s; c{N) 



\2r 



5mllLP(K«') 



We still have to justify the claim. Assume, for the sake of simplicity that 



X C {{xi,X2,...,xn) eM.""; V^e Il,A^], ^ 0} 



Then x f^^^, is contained on a set Hm,m' 1 = {(oi^) G 



a = (m + m')2 + f , w = 



{vi,V2r-- ,vn), < s$ 2-^+1, 2-2^+2^/ -|a|2 - ^ < 37V2-2f+2*^}. Consider the paraboloid 
defined by — lap — ^ — 2^2<?+2M^ Take Hm.m'.e to be the tangent hyperplane to this paraboloid at 
the point of coordinates (ao,6o), with oq = (m + m')2^^, 60 = — Trjaop — 2^2''+2M ^^^j^j passing 
through that point). Consider also the point (ai,6i) with ai = qq + (2^^+^, 2"^+^, . . . ,2^^+^) and 
bi = — 7r|ai|2 — 3iV2^2<^+2A/^ Then, the rectangle Rm,m'.i is defined as the only rectangle having a 
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Fi 



face contained in that hyperplane and the points (oq, feo)i a-nd (ai, &i) as opposite vertices. Due to the 
convexity of paraboloids, it fohows that Hm.m' ,i C Rm,m',e (see Figure 2). Moreover, one can also see 
that, for small c — c{N), (1 + c)Rm,m',e C {(a, b); a ^ {m + m')2^^ + v, v = {vi,V2, ■ ■ ■ , wat), ^ 
CiN)2-'''+\ C"(iV)2-2^+2*^ < -|a|2 - A <^ C"(7V)2-2^+2*^}. Therefore, we have Ex)X(i+c)fl„ , 
C{N). Hence (1.9) in the case g e Xp^q. Now, assume g e Xp.q. By density, it is sufhcient to 
prove (1.9) for g e L^(M^). By a straightforward calculation and the above result, we obtain that 
Wn . )g|U,(K«+i) - ||r( . ) (-F-I5) |U,(R«+i) C(7V,p)||5||x,„. Hence (1.9). □ 

Proof of Theorem 1.3. Notice first, that the second inequality follows from Holder's. By homo- 
geneity, we can assume that ll/llLajKN-) = 1. Then, it suffices to show that for any function / e L'^{R^) 
such that ||/||i2(BN^ = 1, 



2 p 1 



sup ^ 2"* 2 p 



\f\' 



where a = npq and where /i has to be determined. Take a and f3 such that | < /3 < 1, f3 > | and 
a + q/3 ~ q. Then, 



sup 



■ N 2-p 



We set u = — 

pq 



1-/3 



p \'p) ' ^^^'^^^ enough to show 



EE 2^"^ 



0^ 



\f\' 



^C{p,q). 
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We split the sum, 

-9; 



j k V'-l / 

jk Vrin{\f\^2i^/-} J 



where C = C{p,q). We study the first term. Set for each j e Z, = fX{\f\>2i'^/^}- Then, 



Since (3q > 2, we also have > 1. Then, 

^ / i/r E . 

V O; l/l>2i''/=} / 

Since 2 — p > 0, we can sum the series and obtain 

by our assumption that ||/||l2 = 1. We now estimate B. Set for any j e Z, fj ~ /X{|/|^2j"/2}- Then, 
We use Holder's inequality with exponents ^ and ^glp - We obtain, 

j k 



B<^^2^f^^^/,|/,r(|r^|^) 



fig 

3 k ■''^'k 



Jk •'-I T 

^ / Iff' E S^'^^i-'^i) 
{j; l/l^2iJv/2} 
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Since 1 — /3| < 0, we sum the series to obtain 
since ||/||l2 = 1. 

We give an example to show that L^(]R^) ^ Xp^g. Let 

|a;|T I In |a;||2 y^'-^) 

Then for any 1 sC p < 2 and any g > 2, / e Xp^^ but / ^ L'^{R^). □ 

3 Preliminary results 

In this and next section, we fohow Bourgain's arguments ([ ]). We have to modify them in the proof 
of Lemma 3.3, because the Strichartz's exponent is not, in general, a natural number. 



Lemma 3.1. Let f e L^{R'^) \ {0}. Then for any e > 0, such that ||T(-)/|| 2(iv+2) > e, th 



L — N- 



ere 



exist No eN with Nq C(||/||i2, iV, e), (^„)i^„^jVo C (0, oo) and (/„)i^„^Ar(, C L^{R^) satisfying 
the following properties. 

1. yn e [IjA^'o], supp /„ C T„, where t„ G C with ^(r„) ^ C||/||22(RN)£^''^n, and where the 
constants C, c and v are positive and depend only on N. 

2. Vn€|l,iVo], \f^\<An^. 

3. \\n.)f-Y.n-)u^^_^ <e. 

n—l 

2 ^° 2 2 

^- II/IIl2(riv) — ll/ri|lL2(RJV) + 11/ — /n|lL2(R]V)- 

n—l n—l 

The proof relies on the following lemma. 

Lemma 3.2. Let q E L^(M^) and let e > be such that \\T( ■ )q\\ 2(n+2) ^ e. Then there exist 

^ ^ " ^ '-^"l^ — (RxR") 

h G L^(M^) and A > satisfying the following properties. 

1. supp ft- C T, where t E C with £{t) ^ C||(7||^2(rjv)£"'^^, and where the constants C, c and v 
depend only on N. 

2. \h\ ^ and |lft|1^2(RiV) ^ C'llgH^^^j^jv-jS'': where the constants C, a and b depend only on N. 
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^- lis ^||/,2(R1V) — ||.9lli2(RJV') -\\h\\ 

Proof. We distinguish 3 cases. 

Case 1. supp5 C [—1, 1]^. Then the function h will also satisfy supp h C t C [—1, 1]^. 

Let e > and let g be as in Lemma 3.2 such that suppy C [—1, 1]^. It follows from Theorem 1.4 that 

r r V 

e < wn . )5ii ™) < ^ii5iiii(7«) «up v^^^-p^ / m^di 

L N (RxR") ^ ^« i [(j,fc)GZxZ" Jrl 

So there exist j G Z and r G C, with r C [—1, 1]^ and ^(t) = 2^-', such that 



m)\'-di > C{\\gr^.~l,fY^2-=^^^-^\ (3.1) 

LetM= ((C||.g||^l^(]g^')~^e);^2-Jf (s-p)-!^""" , where C is the constant in (3.1). Then by Plancherel's 
Theorem, 



rndJI^A/} rn{|g|>M} 

It follows from (3.1)-(3.2) that 

^Ceh~^^('-P^\\g\\-J-^y 
By Holder's inequality and the above estimate, we get 



Tn{\g\<M} \rn{\g\<M} 



Since Irl = 2 we then obtain. 



IslOI'de^sC'll.glL^dj^) e-. (3.3) 

rn{|g|<M} 

Let ft, G X^(M^) be such that ft = gXrn{|5|<Af} and let ^ = M~w. Then supp ft C r C [-1, 1]^ with 

2m(2-p)+2 2 ^ ^ 

£(t) = 2-J = C||g|| e-«M2-p)^. So we have 1, and 2 follows from (3.3). Since ft and 5 - ft 



14 



have disjoint supports, 3 follows. 

Case 2. suppgC [-M, Af]^ for some Af > 0. Then h will also satisfy supp h CZ t CZ [— Af, M]^ . 
Let e > and let g be as in the Lemma 3.2 such that suppg C [— Af, Af]^ for some M > 0. Let 
g' e L2(M^) be such that g'{^) = M^g{M£,). Then suppg' C [-1,1]^ and so we may apply the 
Case 1 to g'. Thus there exist h' e L2(M^), t' e C and A' > satisfying 1-3. We define h e L'^{R'^) 
by /i(0 = ^■^~^'^'(m) • Then ||.g||L2(R") = ||5'||i2(KJV) and ||/i||l2(r") = ||^'||l2(r2V). In particular, 
second part of 2 holds for g and h. Setting r — Mr' , it follows that supp /i C r C [— Af, M]^ and 
i{T) = MI{t') C|lg|1^2(jj„^£''Af^'. So /i satisfies 1 with A = MA'. Finally, \h\ < M-^A'-^ = 
A~^ , which implies 2. Finally, 3 follows from the similar identity for 'g' and h'. 

Case 3. General case. 

Let £ > and let g be as in the Lemma 3.2. For A/ > 0, we define um G L^(M^) by = 5X[-m,a/]"- 
It follows from Strichartz's estimate (1.7) and Plancherel's Theorem that 

||T( . ){uM -ff)|| 2(iv+2) ^ C||uM -5lU2(RiV) = C||uI?-5||i2(Riv) *'^^°°> 0. 

L Jv (KxR™) 

Then there exists A/q > such that 

£ 

||T(.)uMoI| 2(JV + 2) ^ 

L — N — (RxR") 2 

Setting go = um„, we apply the Case 2 to go, obtaining h. Since HgollL^fRW-) ^ ||(7j|^2(RN-), Properties 1 
and 2 are clear for g and h. Also, Property 3 holds for g and /i, again because the disjointness of 
supports. This achieves the proof of the lemma. □ 

Proof of Lemma 3.1. Let / G ^^(M^) \ {0} and let £ > be such that 

lir(.)/|| 2(«+2) >£. 

" ^ ' — (RxR") 

We apply Lemma 3.2 to /. Let h e L'^{R^), t e C, A> 0, a{N) > 0, 5 = b(N) > 0, c = c{N) > 
and v = v{N) > be given by Lemma 3.2. We set fi = h, Ti = t and Ai = A. By Lemma 3.2, we 
have 

£{n)^C\\f\\l.e-'A,, (3.4) 
\\f~fi\\h-\\f\\h-\\h\\h. Wf-hW-LS^Wfrj and \\h\\h;^C\\f\\-Je\ (3.5) 
Now, we may assume that 

lir(.)/-r(.)Aii^M^^^^^„^^£, 
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otherwise we set A^o — 1 and the proof is finished. So we may apply Lemma 3.2 to 5 = / — /i. Let 
h e L'^{R^), let r e C and let A > be given by Lemma 3.2. We set f2 = h, T2 = t and A2 = A. By 
Lemma 3.2 and (3.5), we have 

^(t2) s; C\\f - hWhe-'A^ < C\\f\\l.e-''A2, (3.6) 

\\f (/i + f2)\\h = \\f-fi\\h- imh = WfWh - (ll/illi^ + mih), (3.7) 
\\f2\\h > C\\f - h\\-Je' > C\\f\\-Je'. (3.8) 

We repeat the process as long as 

l|T(.)/-yr(.)/,|| 2(«+2, 

applying Lemma 3.2 to g = f — fj. Then, by (3.4)-(3.8), we obtain functions /i, . . . , /„ satisfying 
Properties 1 and 2 of Lemma 3.1 and 

ll/-E/.lli^-ll/lli^-Ell/.lli^, (3.9) 

i=i i=i 

ll/felli^ ^C^II/IIZ^"^'' (3-10) 

for any k G for some n > 2. From Strichartz's estimate (1.7) and (3.9)-(3.10), we obtain 

n 

\\r{.)f-Y.T{.)f,\\ 



2 

2(iV + 2) 

. , L — N — (KxRJV) 



n ^oo 

> — OO. 



So the process stops for some n ^ C(||/||i2,iV, e). We set A^o — n and the proof is achieved. □ 

Lemma 3.3. Let g e i^(M^), let t £ C, let A > and let Cq > be such that supp^ C r, 
£{t) ^ CqA and \g\ < A~^ . Let be the center of t. Then for any e > 0, there exist Ni e N with 
Ni < C{N,Co,e) and (g„)i^„^jVi C M x with 

Q„ = {(i,2;) e M X M^; t e In and {x - Ant^o) € C„} , (3.11) 

where In cM. is an interval with \In\ ~ -pr and Cn ^ C with i(Cn) — —r such that 

A'^ A 



2(Af + 2) \ 

\(Tm9{x)\-^dtdx] 



2(JV + 2) 

< e. 
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Notice that the functions /„ obtained in Lemma 3.1 satisfy the hypothesis of Lemma 3.3. 



Proof of Lemma 3.3. We define g' e ^^(kJV) by g'{^') = A^g{iQ + AS^'). Then |l.g'||i2 = \\g\\L^, 



\g'\ < 1 and supp g' C [-^, ■ It follows from (2.1) applied to g' that 

^A-^\{T{t)g){x)\, 

where the last identity follows from the change of variables C = + Setting 

ft' = A\ 

\x' ^ A{x - 47rt^o), 

we then have 



(3.12) 



\{nt)g){x)\^A^\{T{t')g'){x')\. 



(3.13) 



By (2.1), 



}(^-.2i-^(x.C-27vt\Cf) 



g'iOe 



dc 



\img')ix)\ ^ 

By (2.2) (with g' in the place of g) and Corollary 1.2 of Tao [22], we obtain 



(3.14) 



l!r(.)5'llL,(RxE«) ^C(Ar,g)|lp|l^,(„„) =C'(iV,g)||5'|l^^^^_^ (3.15) 

for any q > "^l^^^i-^ and any 1 such that q — ^^-^p' . Let p' = p'{N) G (1, 2) be such that 

2(7V + 3) ^ iV + 2^, _^ 2(iV + 2) 



(A^ + 1) N 



N 



Thus q — q{N) ~ —tt—p' < ^^^^ '^^ and it follows from (3.15) that and Holder's inequality that 



N 



N 



so that 

l|r(.)g'|U,(MxM«) «^C^(Co,iV) 



Cq Cq 



N 
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This estimate implies that for any A > 0, 

\T{t')g'{x')\''^dt'dx' 



{\n.)g'\<x} 
{\n.)g'\<\} 

So there exists Xq = Xo{N, Co,e) G (0, 1) small enough such that 

\T{t')g'{x')\'^dt'dx'<e'-^, (3.16) 



{|r(.)g'|<2Ao} 
1 N 



Since supp g' C [— ^] and ^ 1, it follows from formula (2.1) that for any {t', x') E 

and any {t",x") eRxR^, 



\nt')g'{x') - Tit")g'{x")\ < Ci\t' - t"\ + \x' - x"|), 

where C = C{Ca,N) ^ 1. So for such a constant, if (t',x') e {\Ti . )g'\ ^ 2Ao} and if {t",x") e 
M X is such that \t' - f"| < i and \x' - x"\ ^ < ^ then \T{t")g{x")\ ^ Aq, that is 

{t",x") e {|r( . )g'\ ^ Ao}. So there exist a set R and a family {Pr)reR = {Jr,Kr)r&R C M x M^, 
where C M is a closed interval of center e M with | | = ^ and K^. e C of center x' G with 
£(i^,,) ^ and (f, x') e {|r( . )g'\ ^ 2Ao}, such that 

V(r, s) eRx R with r 7^ s, Int(P,.) n Int(P^) = 0, (3.17) 
m ■ ).9'l ^ 2Ao} C U P. C m ■ ).9'l > Ao}, (3.18) 

where Int(Pr) denotes the interior of the set P^. We set A^i — #P. It follows from (3.17)-(3.18) and 
Strichartz's estimate (1.7) that, 

AT+l 



<|{|(r(.)5')I^Ao}| 



2{N + 2) 2{N + 2) 2(N + 2) 2{N + 2) 

<Ao « ||r(.)5'|| <CAo « ||.g||^.~ , 

L — N — (RxR") 

from which we deduce that iVi < 00 and A^i ^ C{\\g\\L2, N,CQ,e). Actually, since our hypothesis 
implies that \\g\\L^ ^ C^^"^, we can write also Ni ^ C{N, Cq, e). For any n e |l,Afi], let {tn,Xn) 
be the center of P„, let /„ C M be the interval of center ^ with |/„| — let /'j = A^In, let 
Cn e C of center with £{Cn) — \, let = AC„ and let Q„ be defined by (3.11). Then 
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Ni Ni 

[j PnC U (^n X C'J, which yields with (3.16) and (3.18), 

n— 1 n— 1 



/2(Af + 2) , , 2(N + 2) 

\T{t')g'{x')\-^dt'dx' < e^r^. (3.19) 



By (3.13), 

2(N + 2) AT , o f . . . 2(iV + 2) 

\T{t)9{x)\-^Tr^dtdx^ A^+^ / |r(t')5 (x')l^^dirfx 

71=1 11=1 

But (i,a;) e (5„ {t',x') G ^ ^r'n ^-nd so we deduce from the above estimate and (3.12) that 

2(W + 2) r , , 2(iV + 2) 

\Tit)g{x)\^^ dtdx ^ / |r(t')5(a; )l^^t^^^^ - (3-20) 



'+^\ u Qii u (^;xc,'i) 

11=1 11=1 



Putting together (3.19) and (3.20), we obtain the desired result. □ 

4 Mass concentration 

Proposition 4.1. LetjeR\ {0}, let uq G L'^{R^) \ {0} ond let 

2{N + 2) 2(N + 2) 

u e c((-r„,in,T;„ax);i'(M^)) n Lj^/ ((-r„,i„,r„ax);i^^(M^)) 

&e the maximal solution of (1.4) such that u(0) = wq. Then there exists rjo — rio{N, > satisfying 
the following properties. Let (TqjTi) C (— rmin, Tinax) be an interval and let 

7] = 2(JV + 2) . (4.1) 

L — N — ((To,Ti)xR") 

If Tj E (0,770] then there exist to G (To,ri) and c G M.^ such that 

\Hto)\\L^^B{c,R))> £, (4.2) 
where R = min {(Ti — io)^ , (^o ~ 7o)3 } and e — £{\\uo\ \ 1^2 , N , rj) > 0. 

Proof. Let 7, uq, u and {To,Ti) be as in the Proposition 4.1. Let 77 > be as in (4.1). By (1.2), we 
have 

G (-T,„i„,r,,ax), u{t)^Tit-To)u{To) + ij f iT{t-s){\u\^u}){s)ds. (4.3) 

J To 
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Setting for any t e {—Tnm\,Tjnax), ^u{t) — 17 J^^{'T{t — s){\u\^ u}){s)ds and applying Strichartz's 
estimate (1.8), we get with (4.1) 

N + 4 

,(«±^ s^Cihll =Ci77^, (4.4) 

L N ((To,Ti)xR") L N ' ((To,Ti)xK") 

where Ci = Ci(A^, I7I) ^ 1. For every a, > 0, (a + 5)" ^ C(a)(a" + 6"), where C{a) = lifO<a^l 
and C(a) = 2""^ if a ^ 1. Let C2 be such a constant for a = We choose ryo = '?o(^, I7I) > small 
enough to have 

2(2Ci)«C2r/o^ < 1. (4.5) 
Assume that rj ^ tiq. We proceed in 3 steps. 

Step 1. We show that, there exist /o G i^(M^), A > and r e C of center ^0 € satisfying 
supp /o C T, i?(T) ^ C(||tto||L2 , iV, 77)7! and |/o| < A^^ , and there exist an interval / C M and K £C, 
with |/| = ^ and e{K) = ^, such that for Q C M x defined by 

Q = {{t,x) e M X M^; i e / and (x - 47ri^o) G , 

we have 

\u{t,x)\^\T{t-To)fo{x)\^dtdx^Cr,"^, (4.6) 



((To,Ti)xR")nQ 

where C = C(||uo||l2 , A^, ??). 

iV + 4 

To prove this claim, we apply Lemma 3.1 to f — u{To) with eo = f]^^ . Note that, by (4.1), (4.3), 
(4.4), (4.5) and time translation, we have that 

||r(-)u(To)|| 2(«+2)^ ^ = ||r(--ro)u(To)|| 2(«+2,^ ^ ^77/2^eo- 

L N (RxR«) L N (RxR«) 

It follows from Holder's inequality (with p = and p' = ^^), (4.3)-(4.4) and Lemma 3.1 that 



N 

Ti 



\u{t,x)\ 



To 



No 



u{t,x)~j2nt-To)fnix) 



n=l 

No 



dtdx 



< 2(iV + 2) 11" - y] 7'( • - To )/„|| "2(iV + 2) 

L N ((To,Ti)xR«) ^ L — N — ((To,Ti)xB«) 

<77Mr(.)«(To)-5]r(.)/„|l „«,+Clll"ll W, 

\ ^ L « (RxR") L N ((To,Ti)> 

A „ , W + 4 ^4 , , 4 J4- 2(JV + 2) 1 2(JV + 2) 

ZO2 
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The above estimate and (4.1) yield 



2(JV + 2) 
7 N = 



To 



N„ 



Nn 



dtdx 



( 



1 2(JV + 2) 

2C2 ' 



Ti 



\u{t.x)\' 



To R™ 



n=l 



dtdx 



which gives 



^0 

^r(t-ro)/„(a 



1 2(W+2) 



(4.7) 



By Lemma 3.1 and conservation of charge, iVo ^ C(||wo||l2 , A'', 77). It follows from (4.7) that there 
exists no G |1, A'o] such that 



Ti 



|u(t,x)p |r(i - To)/„„(x)|" dtda: > Cr,^^, 



(4.8) 



To R" 



where C — C(||wo||l2 , iV, 77). Set A = Ana, r = t„q and Co = C(A^)||uo||^^2^^eo "^^^ where we have 
used the notations of Lemma 3.1. Let ^0 G be the center of T„p. We apply Lemma 3.3 to g — /„„ 



JV 

and £1 = (^) " 77, where C is the constant in (4.8). It follows from Holder's inequality (withp 

la 3. 

// 



_ jV+2 
N 



and p' — ^^-Y^), (4.1) and Lemma 3.3 that 



\u{t,x)\'\T{t-To)Uo{.x)\« dtdx 



((To,Ti)xR«)\ U Q-n 



<^ II "II 2(W + 2) 

2(JV + 2j ^1 



L — iv — ((To,Ti)xR«) 

„ A C 2(JV + 2) 



L — N — (R" + i\ U Q„) 



The above estimate with (4.8) yield 



Ht,x)\^ \Tit - To)fn„{x)\- dtdx > Cr;^ 



(4.9) 



((To,Ti)xR«)n( U Q„) 

n=l 

where C ^ C(||uo||l2 , A^, By Lemma 3.3, Ni < C {\\uo\\ , N , r]) . With (4.9), this imphes that there 
exists ni € such that 



2(N + 2) 



i{t,x)\' |r(t- To)/„„(x)|« dtdx Ct] — 



(4.10) 



((To,Ti)xR")nQ„i 
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where C — C{\\u{)\\l2^N ^r]). Hence we obtain the Step 1 claim with /o = /no, I — Inn ^ — 

Q — Q711 • 

step 2. We show that ^ C{Ti - Tq)^ and sup||r(t - ro)/o||L-(K") CA^, where C = 

A tgR 

C{\\u„\\l2,N,7^). 

l/o(OMC < ^"^ / ^ CA-^ , which yields second part of 
Step 2. Using this estimate, Step 1 and conservation of charge, we deduce 

2(Af + 2) /" /" „ 4 

Ct]-^ ^ II \uit,x)\^\Tit^To)foix)\-dxdt 

((To,Ti)xM«)nQ 

sC CA^ \u{t,x)fdxdxt^CA^ JJ \u{t,x)fdxdt 

((To,Ti)xR")nQ ToR^ 

^Cv42||uo||i2(Ti-ro). 
Hence we obtain the Step 2 claim. 
Step 3. Conclusion. 

2(iV + 2) 

Let K ^ C, I and Q be as in Step 1, and let 77/ = Crj « ^ where C is the constant of (4.10). Let 
K{t) = K + 47ri^o a-^d let k > be small enough to be chosen later. It follows from Step 1, Step 2 
and Holder's inequality (with p = and p' = ^^y^), that 

ry/s; JJ Ht,x)f\T{t-To)fo{x)\^dxdt 

((To,Ti)xR")nQ 

^\\n-To)fo\\t^ I ll^^\u{t,x)\'dx]dt 

7n(To,Ti) ^ ^ 



^Cyl^ y (J \u{t,x)\^dxj dt 



/n(To.Ti) 

^Cyl^ y" ij \u{t,x)fdx\ dt 

7n(To + ^,Ti-^) ^ 

+ CA^\\uf 2(N + 2) I / I / ^ I d^ 

{(To,T^)xm) \J/n[(To,To + ^)u(Ti-^,Ti)] yJi^W / y 

sup / Kt,x)pcix + CAV-^(5)"^fT^^"" 

tein{To+^,Ti!i^)JKit) ^ V^". 

< C sup / |M(i,x)pda; + CK"T2 7y/, 

te/n(To+^,Ti-^)-'^(t) 
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where C = C(||uo||i2 , iV, 77). For such a C, let k > be small enough to have C'k"+^ < ^. Then 
K = K(||uo||L2,iV,?7) and 



sup / \u{t,x)\ dx ^ Crj « ^ 

te/n(To+f^,Ti-^) JK{t) 

where C = C {\\uo\\ ^2 , N , rj) . So there exists to e I n {Tq + ^,Ti - ^) such that 



\u{to,x)\^dx^Cf]^^, (4.11) 

K(to) 

1 y/N 

where C — C {\\uo\\ , N , rj) . Since £{K{to)) — -r, then K{to) is contained in a ball of radius — — . 
Furthermore, Tq + -ry < to < Tj which yields 

^ ^Cmin{(Ti-to)^(io-ro)n, (4.12) 

where C = C {\\uo\\ , N , rj) . Using this and Step 2, it follows that K{to) can be covered by a finite 
number (which depends only on ||-uo||l2 , and 77) of balls of radius R — min |(ri — ig)^ , (^0 ~ ^o)' | • 
Then, by (4.11), there is some c G such that 

\u{to,x)\''dx^e{\\uo\\L-,N,r,). (4.13) 

This concludes the proof. □ 

Proof of Theorem 1.1. Let 7, uq and u be as in Theorem 1.1. Let 770 = Voi^y > be given 
by Proposition 4.1. We apply Proposition 4.1 with 77 = 770. Let e = e(||uo||L2, I7I) > be given 
by Proposition 4.1. Assume that T^ax < 00. Then llull 2{n+2) 2{n+2) — 00 and so there 

L N ((0,T„,ax);i W (R«)) 

exist 

= Ti < < • • • < r„ < r„+i < • • • < r„,ax 

such that 

V7i e N, 2(iv+2) = '70- 

L^v — ((T„,T„+i)xB") 

It follows from Proposition 4.1 that for each n gN, there exist c„ e M^, i?„ > and i„ e {T„,Tn+i) 
such that 

i?„ S$ min{(r,„ax - tn)KiTmin + tn)^ and ||w(tn)||L2(B(c,.,fi„)) ^ £, 

for every G N. The case Tmin < 00 follows in the same way. Hence we have proved the result. □ 
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5 Further Results 



As a corollary of the previous results, we can generalize to higher dimensions the 2-dimensional results 
proved by Merle and Vega [ I "i] and the results proved by Keraani in [ • '■]] dimensions 1 and 2. We 
state here the most interesting of them. We need first some notation. 

Definition 5.1. Let 7 G M \ {0}. We define Sq as the supremum of 5 such that if 

\\uo\\l'2 < S, 

then (1.4) has a global solution u e C(M; L'^{R^)) D L^t^ (M; L^t^ (M^)). 

We can prove the following 
Theorem 5.2. Let £R \ {0}, let uq e L'^(R^) \ {0}, such that |1uo||l2(r«) < V^Sq, and let 



2(N + 2) 2(N + 2) 

u e C((-r,„in, T,-^,^);L\R^)) n ((-r„,i„, r,„ax); (k^)) 

be the maximal solution of (1.4) such that u{0) — uq. Assume that Tmax < 00, cind let X{t) > 0, such 
that A(t) — > 00 as t — > Tmax- Then there exists x{t) G M.^ such that, 

liminf / \u{t, x)\'^dx Sq. 

ty^T^^^ J B{x{t) ,X{t){T^^^~t)i } 

IfTyain < 00 and X{t) — > 00 as t — > — Tmin then there exists x{t) G such that, 

liminf / |u(t, x)pda; ^ (Sg. 

tN-^min JB(i,(t),A(t)(T,„i„+i)i) 

The main ingredient in the proof of that theorem is a profile decomposition of the solutions of 
the free Schrodinger equation. This decomposition was shown in the case = 2 by Merle and 
Vega [15] (see also Theorem 1.4 in [ ]) and by Carles and Keraani [ ] when iV = 1. We generalize it to 
higher dimensions thanks to the improved Strichartz estimate, Theorem 1.4. To describe it we need 
a definition. We follow the notation of Carles and Keraani [4]. 

Definition 5.3. If = (p^j, i^, •C^, x^)„gN, J = 1, 2, . . . is a family of sequences in (0, 00) x M x x 
M^, we say that it is an orthogonal family if for all j ^ k, 



limsup I I I ■ I 

Pn pi {fy'nY 



n— f 00 



j j 
Pn Pn 



Now, we can state the theorem about the linear profiles. 
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Theorem 5.4. Let {un)neN be a bounded sequence in L'^{]S.^). Then, there exists a subsequence {that 
we name for the sake of simplicity) that satisfies the following: there exists a family 

of functions in L^(IR^) and a family of pairwise orthogonal sequences — (p:^, t:^, a;:^)„gN, j = 
1,2,... such that 

T{tw{x) ^Y.Hnm^t.^)+<{t,^). 

3 = 1 



where 



with 



limsup |lw„ II 2(]v+2) — >0 as £ 

„^oo ""l^tnt^ (RxR") 



Moreover, for every £ ^ I, 



ll"n|li2(RiV) = + lkn(0)lli2(RJV) +o(l), 



A similar result has been proved for wave equations by Bahouri and Gerard [ ]. To prove The- 
orem 5.4 one can follow Carles and Keraani (proof of Theorem 1.4) in [ ]. It is observed in that 
paper (Remark 3.5) that the result follows from the refined Strichartz's estimate, our Theorem 1.4, 
once we overcome a technical issue, due to the fact that the Strichartz exponent ^^"'^^•^ is an even 
natural number when N G {1,2} (which covers the cases that the previous authors considered) but 
not in higher dimensions (except = 4). Thus, to complete the proof we only need the following 
orthogonality result. 

Lemma 5.5. For any M ^ 1, 

2(W + 2) . . 2(W + 2) 

\\Y^HiW)\\ 2r«+2, ^Y.\\^'r.W)\\ 2r«+2, +o(l) as n^^. 

L — « — (R«+i) L — N — (R"+i) 

Proof. The proof if based on a well-known orthogonality property (see Gerard ['■] and (3.47) in Merle 
and Vega [ ]): if we have two orthogonal families and F^, and two functions in i^(M^), 0^ and 
(j)'^, then 

||iji(0i)772(02)|j^^^^^^^^ ^o(l) as n^cx). (5.1) 
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When = 1 or = 2, ^ ' is a natural number, so we can decompose the L « norm as a 
product and, using (5.1), we obtain directly the lemma. In the higher dimensional case, write 



f i^^(^^)nE<(^')i^+EE / \HimH'M')\\T.Hni<^')\' 



j e 3 k^r 

"=^*A + B. 

We estimate B using Holder's inequality with exponents and 

\wM,)H>^{<i^^)\\Y,Him\^ 



N+2 



M 



^||g;i(^^-)H,';(0'-)||^^^^^,^,^||Eg»(/)ll%y.)- 
Then, we use the orthogonality (5.1) and obtain B — o(l). 
About A, when A^ ^ 4 then ^ 1 and therefore, 

^<EE / \Him?\H'M')\^ 

3 3 ii^3 

The first term of the sum is 

Eii^«('^-'')i 

The second one is 

EE / \Himr^\HimH'M')\^- 

3 ^^3 

We apply Holder's with exponents and ^^-^ and bound the last sum by 



2(Af + 2) 

L — 3v — 
3 



3 3T^i 

which is o(l) by (5.1). This finishes the proof of the Lemma for N ^ A. 

When A^ = 3, then = | > 1, which complicates a bit the argument. We write 

^ = E / i^/.('^.)nE^"('^')iiE^"(<^")i^ <EEE / \Hi{V)miici^')\\H: 



3 
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Using a similar argument as in the previous case, we show that the above integrals are o(l) except in 
the case j = £ — m. This ends the proof of the lemma for = 3. □ 

Proof of Theorem 5.2. To prove Theorem 5.2, one can follow the arguments given by Keraani 
in [13]. Again one has to deal with the fact that is not in general a natural number. Apart 
from Lemma 5.5, we just need an elementary inequality (see (1.10) in Gerard [ ]) for the function 
F{x) = \x\^x : 

i^(E - E^(^-'')i < EE i^'ii^'i*- 

Then, the arguments given by Keraani generalize to higher dimensions without difficulty, and prove 
Theorem 5.2. □ 

Remark 5.6. As said in the beginning of this section, we generalize all the results of Keraani [ ' '-<] to 
higher dimension N . In particular, we display two of them. 

1. There exists an initial data uq G with ||?io||L2 = 5o, for which the solution u of (1.4) 
blows-up in finite time Tmax- 

2. Let u be a blow-up solution of (1.4) at finite time T^ax with initial data Mq, such that ||uo||l2 < 
•\/2(5o- Let (<n)neN be any time sequence such that t„ "~^°°> Tmax- Then there exists a sub- 
sequence of (in)neN (still denoted by (t„),igN), which satisfies the following properties. There 
exist V e i'^(M^) with HV'IIl^ > (5o, and a sequence {pnXn^Xn)nm ^ (0, oo) x x such 
that 

hm , ^" sC A, 

for some 0, and 

p|e"«"u(t„,p„x-|-a;„) V in LI(R^), 

as n — > CO. 
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